


o 



CLASSICAL AND QUANTUM INTERACTION OF THE 

DIPOLE 

J. Anandan 
Department of Physics and Astronomy, University of South Carolina, 

Columbia, SC 29208. 

E-mail: jeeva@sc.edu 

(Oct. 4, 99) 

Abstract 



^ . A unified and fully relativistic treatment of the interaction of the electric 

OO 

and magnetic dipole moments of a particle with the electromagnetic field is 
O" 
^D ' given. New forces on the particle due to the combined effect of electric and 

^^ ■ magnetic dipoles are obtained. Four new experiments are proposed, three of 

which would observe topological phase shifts. 

D . A beautiful aspect of electroinagnetism, which is becoming increasingly fundamental, is 

^ ■ 

the duality between electric and magnetic fields. It is therefore natural to extend the many 

/\f ■ interesting facets of the influence of the electromagnetic field on the magnetic dipole [1-7] to 

H : 

the dual situations [^,|^ . In this letter, I shall give a model independent and fully relativistic 
derivation of the low energy Lagrangian for the interaction of the electric and magnetic 
dipoles with an external electromagnetic field [|10|. This treatment applies to elementary 
particles, nuclei, atoms and molecules that have an electric or magnetic dipole or both. New 
forces on the dipole will be obtained using the non abelian nature of the interaction @-§l . 
I shall then propose new feasible experiments to test this interaction, three of which would 



have topological aspects analogous to the Aharonov-Bohm (AB) effect [jTl|. 

The simplest classical Lorentz invariant action for a particle of mass m interacting with 
the electromagnetic field strength F^^, is 

mods -y I F^^D>"'ds (1) 



where s is the proper time along the particle's world- line. For simplicity the total electric 
and magnetic charges of the particle have been assumed to be zero. V^" may be taken to 
be anti-symmetric without loss of generality, and will be called the dipole moment tensor. 
More generally, I = J Cds, where £ is a Lorentz scalar that is an analytic function of F^^^. 
In the power series expansion of C in F^^^, the sum of the first and higher order terms is the 
last term in (|l]). In the corresponding power series for D'^'^, the term that is independent 
of F^i, is called the intrinsic dipole moment and the remainder is called the induced dipole 
moment. 

In any frame, -D°* and D"^^ , that couple, respectively, to the electric field components 
Foi and the magnetic field components Fij, are called the components of the electric and 
magnetic dipole moments. In the rest frame of the particle, Z)°* and D^^ represent the 
intrinsic electric and magnetic dipole moments, much like the energy in the rest frame 
representing the mass of the particle. These may be covariantly represented, respectively, 
by the electric and magnetic dipole moment 4-vectors 

# = D^^;^ m^ = ^e^'''''D,,v^ (2) 

where the 4- velocity v^ = ^. Then 

d^vf" = 0, rrif^v^ = 0. (3) 

This reflects the fact that only three components of each dipole moment 4-vector are in- 
dependent, because in the rest frame, in which v'^ = (1,0,0,0), each vector has only three 
(spatial) components. 

-liupa-^ „ _ axi' ., ,, 



Now the identity e^^'^'^e^^/?^ = -66^6^.6^., implies |2 



^F^.D'^^ = d^F^^v" + m^F*,,v'' (4) 

The electric and magnetic fields in the rest frame may also be covariantly defined by 

E" = F^^t;^, B" = ^-e^'^P'' F^pV^ = F*^^v'' (5) 

Then E^'v^ = = 5^w^. In the rest frame, F^ = (0, E) and B^' = (0,B), where E and 
B are the electric and magnetic (spatial) vectors, in the usual notation. On using (|^), (|[) 
reads 



^F^,D>^'' = d>'E^ + m''B^ (6) 

On defining the 4-vector potentials, 

D, = d^F^,, M, = mf'F*^, (7) 

(I) may also be rewritten as 

^F^uD^" = DX + MX = aX (8) 

where af, = D^ + M^,. 

From (P and (P), the relativistic lagrangian is 

L«=-mc--Af„— -Z),— (9) 

Clearly then, the duality between the interactions of the electric and magnetic dipoles is 
complete to all orders of v/c indepenently whether or not there are magnetic monopoles. 
Each of the last two terms in ©is analogous to the electromagnetic interaction term eA^^^ 
in the Lagrangian for a charged particle, where A^ is the electromagnetic 4-vector potential. 
This immediately suggests topological effects analogous to the AB effect [|rT|. 

When the Lagrangian is quantized, the phase shift that the particle experiences due to 
the the electromagnetic field, using the action (|l|), and (H), is given by the phase factor 

Pexp{-^J F^,D^'''ds)=Pexp{-^Ja,dxn (10) 

where P represents path ordering because D'^'^ , /}„, M„ and therefore a„ are now operators 



which need not commute. For a topological phase, the effect of (p!0| ) on the wave function 
should not change when 7 is deformed in a suitable region. Such a deformation may be 
obtained by infinitesimal deformations. To see the effect of an infinitesimal deformation, 
consider ([T0|) around an infinitesimal closed curve spanning a surface element da^'^: 

Pexp(-^ f a^dx^) = 1 - ^^G^^da^" (11) 

where the "Yang-Mills field strength" G^^ is defined by 

G^y = d^ay - dyttf, - T-[a^, a^] (12) 

3 



An external field modifies the motion of a wave function, via Huyghen's principle, by the 
phase shift that it causes in the interference of secondary wavelets. This gives a relativistic 
correspondence principle that enables the classical equation of motion to be determined from 



the phase shift around an infinitesimal closed curve ||T3|. Let ^^{t) = (t, < ip{t)\x^\ip{t) >) 
represent the world-line of a wave-packet \ip{t) > of the particle, where x* are the position 
operators. Then for a suitably localized wave-packet, the 4-force 

/^^m^=<^|GM^>^ (13) 

to a good approximation. The approximation to ([T3|) in the low energy limit, to 0(l/c), was 
obtained by writing d < x^ > /dt and rf^ < x* > /dt"^ in terms of the commutators of the 
Hamiltonian [Q. Then Lorentz covariance implies that (|T3|) is valid to all orders in 1/c. A 
purely classical derivation of (0), with the expectation values replaced by the correspond- 
ing classical quantities, may be obtained by replacing the above quantum commutators by 
appropriate Poisson brackets of the relativistic classical Hamiltonian. The 4-force ([T3|) is 
also analogous to the 4-force on a Yang-Mills particle obtained in the classical limit of the 



Dirac's equation by Wong |14 



( pTD and (0) show that Gf^i, determines both whether the phase shift is topological (i.e. 
whether ( pUD is unchanged when 7 is varied) and non local (the force on the interfering 
beams is zero). If 

G,. = (14) 

everywhere in a non simply connected region to which the interfering beams are confined, 
then the phase shift will be called strongly topological or non local. The phase shift will be 
called weakly topological or non Local if 

< i^\G^,\^P >= (15) 

It is interesting that the last term in (P, which appears to be a non gauge interaction, 
may be regarded as a gauge interaction in the fully relativistic theory because of the identity 
(I). Hence, the topological and geometrical phases implied by the Lagrangian (||) are also 
valid to all orders in 1/c, unlike in earlier treatments. I shall now make a low energy 



approximation by neglecting terms of 0(l/c^). From (|^ and (|^), the parts of D^ and M^ 
that contribute to L^ in this approximation are 

D^ = (-d ■ E, d X B), M^ = (-/i ■ B, -^ X E), 

a^ = M^ + D^ (16) 

The Lagrangian obtained in this approximation from (§), after subtracting the rest mass 
energy, is [|l^] 

L = -mv'^ + /x-B + v-/xxE + d-E-v-dxB (17) 

Then the Hamiltonian, obtained by the usual Legendre transformation from this Lagrangian, 
is 

H = (p -/ixE + dxB)2-/i-B-d-E 

2m 

= -^(p-a)2 + ao (18) 

2m 

The velocity of the center of the wave packet is 

d ■ i 

v' = — < iIj\x'\iIj >= - < ilj\[H,x']\ip > 

= — < Mp' - a'lij > (19) 

m 



The force is 

m— = -<M[H,p^-a']\i;> (20) 

This gives the force to be the same as the spatial components of ([T3|), in the present limit. 
Suppose now that the dipole is made of two particles with charges q, —q, masses mi, m2 
and coordinates xi,X2. It can be shown that the oribital angular momentum of the system 
about an arbitrary origin 

xi X pi + X2 X p2 = X X (pi + P2) + r X p (21) 

where x = (mi + m,2)~^(miXi + 7712X2) is the center of mass, r = Xi — X2 the relative 
coordinates, and 



-(maPi -mips). (22) 



nil + 'ITT'2 

Then, [pjjTj] = —ihSij and [pi,Xj] = 0. The last term in (pij), L = r x p, is the total 
orbital angular momentum about the center of mass, and is invariant under Galilei boosts. 
It satisfies 

[Li, Lj\ = iTieijk-Lk, [Li, rj\ = ineijkTk, [Li, Xj\ = U. 

In general, the magnetic moment 

/i = 7iL + 75S (23) 

where S is the total spin. The electric dipole moment d = qr. It follows that 

[fii, /ij] = iheijkilL'Lk + Is^Sk), [di, dj] = 0, 

[lJ,i,dj]=ih'jLeijkdk (24) 



In the rest frame of the dipole, i.e. a frame in which (|T9D is zero, from ([T3|) , /" = and 
/* =< iplC^oltp >. In the present low energy limit, the latter force is 

1 d 
f = V(/i ■ B + d ■ E) + -— (d xB-fixE) 

c at 

-^(S X B) X E - ^(L X B) X E 
c c 

- — (B X d) X B - — (E X d) X E (25) 

c c 



(p5|) may also be obtained from (^). /i, d. S and L in (|25D, quantum mechanically, are 
expectation values of the corresponding operators. The force in an arbitrary inertial frame 
may be obtained by Lorentz transforming the above f'^ to this frame. Of the terms in (pSf ) 
that are non linear in the electromagnetic field, — (7|/c)(S x B) x E was previously obtained 
by the author P,^ and may be experimentally detectable ^^. The remaining three non 



linear terms are new. Particularly interesting are the last two terms in (p5|), which are due 
to the combined effect of the electric and magnetic dipole moments. 

An experiment that would detect a topological effect due to Dq, which is analogous to 



the scalar AB effect [11|, is the following. Split a beam of identical neutral particles with 
electric dipole moment d, but no magnetic dipole moment, into two, and send one beam 
between a pair of capacitor plates that are initially neutral. The beam is so weak that at 
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most one particle is inside the capacitor at any given time. The beam is also polarized so 
that d is parallel to the electric field in the capacitor. When each particle is inside the 
capacitor turn on the homogeneous electric field of the capacitor and turn it off before the 



particle leaves the capacitor plate. Then the phase shift due to Dq is ||T8| 

-If Dodt = \ I d ■ Edt = (ETd/h) (26) 

h Jo h Jo 

This is analogous to the experiment to detect the topological phase shift due to Mq proposed 
by Zeilinger |T^ in analogy with the scalar AB effect |ll|, and by the author ||^ as the scalar 



phase shift corresponding to the vector phase shift considered by Aharonov and Casher 
in the interference of magnetic moment around a line charge. This scalar phase shift has 



been experimentally observed |[T9|j20|| . 

In the above mentioned three interferometry experiments with electric or magnetic 
dipoles, it is the expectation value of the quantum force operator, or the classical force, 
that vanishes, whereas the quantum force, 'm{d'^x^/dt'^), is non zero [^. For example, in the 
second of the above three experiments |T7|J6|], the linear terms in the quantum force vanish 
because of the homogeneity of the magnetic field, on using a Maxwell's equation. But the 
non linear term — 7|(S x B) x E does not vanish. It is the expectation value of the latter 
term, or the corresponding classical force term, that vanishes. All three experiments are 
weakly topological because, along the interfering beams, (|^) holds whereas ( |14|) does not 
hold. This is analogous to the Stern-Gerlach experiment with the spin perpendicular to the 
inhomogeneity of the magnetic field for which also (|1^) holds whereas (|T^ does not hold. 
In the latter experiment the existence of the quantum force is obvious because it splits the 
beam into two, even though the classical force is zero. On the other hand, the AB effect |Tl 



is strongly topological, as defined above, because G^i, = eF^^ = in this case. 

However, in the following proposed interferometric experiments ([T^) holds, and hence the 
quantum force is zero and the phase shifts are strongly topological and non local. Subject 
the entire interferometer to a homogeneous electric or magnetic field. Along each beam the 
magnetic or electric dipole moment is rotated by 180° and is rotated back again by 180° by 
suitable oscillating fields after the beams have traveled distances Li and L2, respectively. 
The contributions to the phase shift due to the dipole fiips on one beam is canceled by the 
ones in the other beam by doing them identically. By varying Li — L2 on which the phase 



shift depends, it can be shown clearly that the phase shift is due to the quantum force free 
interaction of the dipole. In a neutron interference experiment, for example, if the entire 
interferometer subject to a homogeneous electric field E, the phase shifts for neutron spin 
components parallel and anti-parallel to E x v are IQ 

± ^(i^i - L,) = ±^(^1 - L2). (27) 

The most sensitive method for detecting the electric dipole interaction is by the electric 
resonance method described by Ramsey ||22|. Here a polarized molecular beam is deflected 



and refocused by two inhomogeneous electric fields. In between, a homogeneous and oscil- 
latory electric fields are applied. The fields are chosen so that an allowed electric dipole 
transition occurs due to the latter fields which makes the intensity of the refocused beam 
maximum. Introduce a magnetic field B in the intermediate region so that v x B is in 
the direction of the homogeneous electric field. This shifts the intensity from the maximum 
which may easily be detected. 

I thank Kuniharu Kubodera and Norman F. Ramsey for useful discussions. 
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